Abstract. We compute the relations in the Cox ring of the moduli space M 0,6 . This gives a presentation of the Cox ring as a quotient of a polynomial ring with 40 generators by an ideal with 225 generators that come in 5 symmetry classes.
Introduction
Mori dream spaces, introduced by Hu and Keel in [HK00] , are varieties for which the minimal model program works particularly well. In particular, the nef cone is polyhedral and generated by finitely many semi-ample divisors, and the movable cone is the union of finitely many polyhedral cones which are the nef cones of small Q-factorial modifications of the original variety. While this is a strong condition, one consequence of [BCHM10] is that log Fano varieties are Mori dream spaces.
In the aftermath of [BCHM10] understanding the birational geometry of the moduli space of curves, following the Hassett-Keel program, has become a major industry; see, for example, [Has05, HH13, AFS13] . A natural question is whether M g,n is a Mori dream space; the case g = 0 was raised in the original paper [HK00] . The answer seems to be increasingly no; M g,n is not a Mori dream space for large g and n [CC14, Mul17] , and M 0,n is not a Mori dream space for n ≥ 10 [CT15, GK16, HKL16] .
For smaller n, however, the situation is more tractable. In [Cas09] Castravet showed that the moduli space M 0,6 is a Mori dream space; since M 0,6 is log Fano, this now also follows from [BCHM10] . Castravet's work builds on earlier work of Keel, Vermeire [Ver02] , and Hassett and Tschinkel [HT02] who showed that the effective cone of M 0,6 is generated by the 25 boundary divisors, and by 15 extra divisors. She showed that the Cox ring of M 0,6 is generated by sections of these 40 divisors. In this paper we compute the relations between these generators to give a presentation for the Cox ring.
The 25 boundary divisors are indexed by subsets I ⊂ {1, 2, 3, 4, 5, 6} with 2 ≤ |I| ≤ 3 and 1 ∈ I if |I| = 3. We denote this set by I, and a section of the divisor δ I indexed by I by x I . The 15 extra Keel-Vermeire divisors are indexed by permutations in the symmetric group S 6 of the form (ij)(kl)(mn). We denote the set of these permutations by Π, and for π ∈ Π write y π for a section of the corresponding divisor. The main result of this paper is: Theorem 1.1. Let S = C[x I , y π : I ∈ I, π ∈ Π]. The Cox ring of M 0,6 is S/I M 0,6 , where I M 0,6 is an ideal with 225 generators, which come in five symmetry classes:
(1) 15 of the form:
x ij x kl x ijn x kln − x ik x jl x ikn x jln + x il x jk x iln x jkn 1 for 1 ≤ i < j < k < l ≤ 6, m < n and {i, j, k, l, m, n} = {1, 2, 3, 4, 5, 6}; (2) 60 of the form:
x 1ik y (1m)(ij)(kl) + x 1j x mk x il x 1mj x 1mk x 1ij + x 1l x mi x jk x 1mi x 1ml x 1kl , for {i, j, k, l, m} = {2, 3, 4, 5, 6}; (3) 45 of the form:
x ij y (ij)(kl)(mn) + x ik x il x jm x jn x 2 ikl − x im x in x jl x jk x 2 imn , for {i, j, k, l, m, n} = {1, 2, 3, 4, 5, 6} and i < j; (4) 45 of the form: y (1i)(jk)(lm) y (1j)(il)(km) − x 1k x 1l x ik x im x jl x jm x 1ik x 1il x 1jk x 1jl + x 1k x 1l x ij x im x jm x kl x 1ij x 1il x 1jk x 1kl − x 1k x 1m x ij x im x jl x kl x 1ij x 1im x 1jk x 1km − x 1l x 1m x ij x ik x jm x kl x 1ij x 1il x 1jm x 1lm , for {i, j, k, l, m} = {2, 3, 4, 5, 6}. Here we follow the convention that x ij = −x ji , x ijk = −x jik = −x ikj , x ijk = x lmn for {i, j, k, l, m, n} = {1, 2, 3, 4, 5, 6}, with i < j < k and l < m < n, and y (ij)(kl)(mn) = −y (kl)(ij)(mn) = −y (ij)(mn)(kl) .
The proof exploits the embedding of M 0,6 into a 24-dimensional toric variety determined by the generators of the Cox ring. It can be done with various degrees of computer assistance. One contribution of this paper is that we have taken care when choices were necessary so that the S 6 action is transparent, and the representatives given here for the generators have a simple form.
One application of a complete finite presentation of the Cox ring of a variety X is that it allows the computation of all small birational models of X. Using an earlier circulated version of this paper Böhm, Keicher, and Ren have computed all the chambers of the Mori chamber decomposition of M 0,6 [BKR16] , finding 176, 512, 180 maximal chambers that form 249, 605 orbits under the S 6 -action. While this suggests that the problem of computing all small birational models is intractable, in Section 5 we consider some simplifications which imply that the chambers of the movable cone are simpler. Identifying these models has already been considered in [Moo15] for the two-dimensional slice of the Nerón-Severi group containing K M 0,6 and 6 i=1 ψ i . This slice intersects two other chambers, corresponding to the symmetric GIT quotient of (P 1 ) 6 , and the symmetric Veronese quotient. The structure of the paper is as follows. In Section 2 we develop the necessary preliminaries on the generators of Cox(M 0,6 ). In section 3 we explain how to compute the relations between these generators. Theorem 1.1 is proved in Section 4. Finally, in Section 5 we consider the problem of using Theorem 1.1 to compute the small birational models of M 0,6 , and provide some computational simplifications.
The Cox ring of M 0,6
In this section we recall some background on the Cox ring of M 0,6 . The key result of this section is Lemma 2.3, which will be used to prove Theorem 1.1.
The moduli space M 0,6 of stable genus zero curves with 6 marked points is a smooth 3-dimensional variety that compactifies M 0,6 ∼ = (C * \ {1}) 3 \ 1≤i<j≤3 {x i = x j }. The boundary M 0,6 \ M 0,6 parameterizes stable genus zero curves with 6 marked points. The boundary is a union of 25 boundary divisors δ I , where I ⊂ {1, . . . , 6} with |I| = 2 or |I| = 3, and we identify δ I and δ {1,...,6}\I when |I| = 3. The boundary divisor δ I is the closure of the locus in M 0,6 consisting of those nodal curves with two irreducible components, where the points with labels in I lie on one component, and the other points on the other. The Picard group of M 0,6 is isomorphic to Z 16 and is spanned by the boundary divisors. Given a basis B = {E 1 , . . . , E 16 } for Pic(M 0,6 ), the Cox ring, first introduced for any Qfactorial variety X with Pic(
This is naturally graded by Pic(M 0,6 ). The pseudo-effective cone Eff(M 0,6 ) is generated by the classes of the 25 boundary divisors and the classes of 15 other effective divisors, the Keel-Vermeire divisors [HT02] , whose description we recall below. In [Cas09] Castravet showed that sections of these divisors suffice to generate the Cox ring of M 0,6 . Theorem 2.1 ([Cas09, Theorem 1.4]). The Cox ring of M 0,6 is generated by sections of the boundary divisors δ I and the Keel-Vermeire divisors Q π .
In this paper we extend Castravet's result to describe in addition the relations on this ring. In the rest of this section we explicitly describe the complement of these divisors in M 0,6 .
In [Kap93] Kapranov shows that M 0,n is the Chow quotient of the Grassmannian G(2, n) by the action of the torus (C * ) n−1 ∼ = (C * ) n /C * induced from the action of (C * ) n−1 on P n−1 . Under this identification we have M 0,n = G 0 (2, n)/(C * ) n−1 , where G 0 (2, n) is the locus in the Grassmannian G(2, n) where all Plücker coordinates are nonzero. This is naturally a subvariety of the quotient torus (C * ) ( This follows from the quotient construction, using the following identification of the variables z ij . We denote by {x ij : 1 ≤ i < j ≤ n} the coordinates of P ( n 2 )−1 . Then
For more details see [GM10, Section 6] . Not all effective divisors on M 0,6 lie in the cone spanned by the boundary divisors, by work of Keel and Vermeire [Ver02] . We now recall their construction. The symmetric group S 6 acts naturally on M 0,6 and M 0,6 by permuting the points. Let π = (ij)(kl)(mn) ∈ S 6 be the product of three disjoint transpositions. The divisor Q π is the closure in M 0,6 of the fixed locus of the action of π on M 0,6 . The divisor Q π is effective by construction, but its class in Pic(M 0,6 ) cannot be written as a nonnegative combination of the classes of the boundary divisors.
The next lemma is the key result of this section, and is needed for the proof of Theorem 1.1.
Lemma 2.3. Let π = (12)(34)(56). The intersection of the divisor Q π with M 0,6 is the subvariety of (C * ) 9 defined by the ideal
Proof. A point in M 0,6 corresponds to a configuration of six distinct points in P 1 , which we may take to be {∞, Equations for the other Keel-Vermeire divisors can be obtained using the action of the symmetric group S 6 on C[T 9 ], which we now recall. The action comes from the description of T 9 as (C * ) ( 6 2 ) /(C * ) 6 , or equivalently from the formula for z ij given in (1). For example, when i, j ≥ 4, we have (12)z ij = (12)(x ij x 12 x 13 /(x 1i x 1j x 23 )) = −(x ij x 12 x 23 )/(x 2i x 2j x 13 ) = −z ij /z 2i z 2j . This is summarized in Table 1 , where the entry in the row labeled by the adjacent transposition (i(i + 1)) and column labeled by z kl is (i(i + 1))z kl . Table 2 . Equations defining the KV-divisors
We denote the equation for Q π by f π . The polynomial f π depends on several choices. Firstly, adding any element of the ideal I 6 gives the same element of C[M 0,6 ]. More seriously, there is a dependence on the choice of σ ∈ S 6 with π = σ · (12)(34)(56). For example, σ = (12) gives π = (12)(34)(56), but (12)(z 24 − z 25 z 26 ) = z Remark 2.4. We note that Q π is not the fixed locus of π on all of M 0,6 . This fixed locus contains the zero-stratum of M 0,6 corresponding to the curve with four components, three of which contain the pairs of points {i, j}, {k, l}, and {m, n}, which is not in Q π . This can be seen, for example, by noting that trop(V (I 6 + f π )) does not intersect the cone of trop(M 0,n ) corresponding to this stratum.
is an open subvariety of M 0,6 . An easy but important consequence of Lemma 2.3 is the following. Recall that E = {{2, 4}, . . . , {5, 6}}, and Π is the set of products of three disjoint transpositions in S 6 .
is an affine variety with coordinate ring
Proof. For an affine variety X with coordinate ring K[X] and an irreducible divisor
The lemma follows from applying this inductively to the f π .
The S 6 -action on the variables z ij induces an action on the variables u π as well, by imposing the condition σ · (u π − f π ) = m(u σπσ −1 − f σπσ −1 ) for some term m. For example, when π = (12)(34)(56) and σ = (12), we have (12)
Equations for Cox rings
In this section we outline an approach to computing relations for the Cox ring of a Mori dream space when a set of generators is already known, and begin to apply this for the case of M 0,6 .
We first recall notation for Cox rings. Throughout this section X is a normal Q-factorial projective variety defined over a field K with Pic(X) Q ∼ = Z r . Fix divisors E 1 , . . . , E r whose classes form a basis for Pic(X) Q . The Cox ring of X is
The variety X is a Mori dream space [HK00] if Cox(X) is finitely generated, so we can write Cox(X) = S/I, where
This description does involve choosing sections x i , but in many cases, including M 0,6 , the x i are determined up to scalar multiple. The grading deg(
, and this restricts to an action on V (I). Fix an ample class α ∈ Pic(X), and let X Σ be the toric variety A s / / α H. This has torus T = (K * ) s /H. We assume that α is chosen sufficiently generically so that the fan Σ is simplicial. This is possible as nonsimplicial Σ only arise from α on a union of hyperplanes in Pic(X) ⊗ R. Then X = V (I) / / α H embeds into X Σ . Moreover, the restriction Pic Q (X Σ ) → Pic Q (X) is an isomorphism and it induces an isomorphism of the pseudo-effective cones Eff(X Σ ) → Eff(X) [HK00, Proposition 2.11].
Example 3.1. When X = M 0,6 , the Cox ring has 40 generators as we now recall. Let I = {I ⊆ [6] : 2 ≤ |I| ≤ 3 and 1 ∈ I if |I| = 3} be the set of partitions indexing the boundary divisors in M 0,6 and let Π = {(ij)(kl)(mn)} ⊆ S 6 be the permutations indexing the Keel-Vermeire divisors. Consider the polynomial ring S = C[x I , y π : I ∈ I, π ∈ Π] graded by deg(x I ) = δ I and deg(y π ) = Q π . Then Theorem 2.1 implies that there is a graded surjective algebra homomorphism S → Cox(M 0,6 ). Let I M 0,6 be its kernel and H = Hom(Pic(M 0,6 ), C * ) ∼ = T 16 . Then H acts on Spec(S) = A 40 and given a sufficiently general ample class α ∈ Pic(M 0,6 ) the GIT quotient
The intersection of M 0,6 with the torus T 24 of the torus
The next proposition explains how to compute the ideal I of relations between the generators of the Cox ring. Recall that when X is a Mori Dream space the Mori chambers coincide with the GIT chambers for X = V (I) / / α H [HK00, Theorem 2.4]. Any non-moving divisor on the toric variety X Σ = A s / / α H restricts to a non-moving divisor on X, so since the moving cone of X is full-dimensional, the same is true for X Σ . This implies that the polynomial ring S is the Cox ring of X Σ . One consequence of this is that the divisors on X defined by generators of Cox(X) are in bijection with the torus invariant divisors on X Σ .
We write S x for the localization of S at the product of the variables. By [Cox95] (S x ) 0 is the coordinate ring of the torus T of X Σ , where the subscript denotes the degree zero part in the Pic(X) grading.
Proposition 3.2. Let X be a normal projective Mori Dream Space and let X ֒→ X Σ be a toric embedding given by choosing α ∈ Pic(X) ample. Write E i for the effective divisor on X corresponding to the ith ray of Σ.
and φ :
Proof. The Cox ring of a normal projective variety is a domain [ADHL15, Proposition 1.4.1.5]. This means that I is a prime ideal, so I = IS x ∩ S. Note that IS x is generated by its degree zero part (IS x ) 0 , so it suffices to show that the map φ identifies φ(I(Y )) with (IS x ) 0 . By [GM10, Proposition 2.3] it in turn suffices to show that φ induces an isomorphism
, and so a rational function on X. Its image φ(z i ) is also a unit in K[Y ]. This means that the divisors div(z i ) and div(φ(z i )) on X are supported on the boundary X \ Y = X \ T = ∪ s i=1 E i . A rational function f is determined up to scalar multiplication by its divisor div(f ). As the ideal I is also defined only up to the multiplication of the variables x i by scalars, it thus suffices to show that ord E i (z j ) = ord E i (φ(z j )). This is the case by construction.
To apply Proposition 3.2 to M 0,6 we need to compute ord D (z ij ) for D ∈ {δ I , Q π : I ∈ I, π ∈ Π} and {i, j} ∈ E. Our method relies on the calculation of the classes of these divisors D in an explicit basis for Pic(M 0,6 ). As we rely heavily on the S 6 -action, we choose a description in which this action is transparent. Fix a copy of Z 16 with basis labelled by {e i : 1 ≤ i ≤ 6} and {e 1ij : 2 ≤ i < j ≤ 6}. Set the boundary divisor δ 1ij equal to 2e 1ij , and δ ij equal to e i + e j − i,j∈{1,k,l} or i,j ∈{1,k,l} e 1kl . In this basis, for π = (1m)(ij)(kl) , we have Q π = i∈[6] e i −2 r∈{i,j} and s∈{k,l} e 1rs . The S 6 -action on Z 16 then just permutes the indices.
To check that this is indeed a description of Pic(M 0,6 ) one only needs to check that the given vectors obey the known relations between the boundary divisors. Alternatively, we give the explicit change of basis from the Kapranov basis for M 0,6 , coming from the description of M 0,6 as the blow-up of P 3 at 5 points and 10 lines. This has basis the exceptional divisors E i , E jk for 1 ≤ i ≤ 5, 1 ≤ j < k ≤ 5, and the pull-back ψ 6 = H of the hyperplane class on P 3 . The change of basis between these two bases is given by the formulas:
E ij , and for {i, j} ⊂ {2, . . . , 6}, and i < j, 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 
We then get the following description of the matrix R that induces the morphism φ of Proposition 3.2.
Lemma 3.3. Let R be the matrix with columns indexed by I and Π ordered as before, and rows indexed by the generators z ij , u π of C[Y ], and entries 
Proof. Write R for the matrix with entries given by orders of vanishing, andR for the matrix on the right hand side of (5). The z ij and u π are rational functions on M 0,6 whose divisors are supported on the union of the boundary divisors δ I and the Q π . Note that where I 15 is the identity matrix of rank 15 and R ′ is the 9×25 matrix appearing in Proposition 5.2 of [GM10] . We can further decompose
, where R ′ 1 is 9 × 6, and R ′ 2 is 9 × 10, and C = (C 1 |0|C 2 ), where C 1 is 15 × 6, 0 is the 15 × 9 matrix with every entry 0, and C 2 is 15 × 10. An element of the rowspace ofR then has four blocks of coordinates, and is determined by its values in the second and fourth blocks, which are indexed by the δ ij with {i, j} ∈ E, and by the Q π with π ∈ Π.
To show that R =R it thus suffices to show the following four facts:
(1) ord δ ij (z kl ) = 1 if ij = kl, and 0 otherwise, for {i, j}, {k, l} ∈ E, (2) ord δ ij (f π ) = 0 for {i, j} ∈ E and π ∈ Π, (3) ord Qπ (z ij ) = 0 for {i, j} ∈ E and π ∈ Π, and (4) ord Qπ (f π ′ ) = 1 if π = π ′ , and 0 otherwise, for π, π ′ ∈ Π.
Since Q π intersects M 0,6 , the last two follow from the fact that f π is an equation for Q π , and no z ij with {i, j} ∈ E or f π ′ with π ′ = π lies in the ideal I 6 + f π . To see the first two, we use the description of [GM10, Theorem 5.7], where it is shown that M 0,6 is the closure of M 0,6 ⊂ (C * ) 9 in a toric variety X ∆ given by a fan ∆ whose rays are spanned by the columns of R ′ . The intersection of M 0,6 with the torus-invariant divisor corresponding to the ray indexed by δ I is δ I . For {i, j} ∈ E the ray indexed by δ ij is the basis vector e ij . Thus the variety of
and an open part of δ ij . This means that to show that ord δ ij (g) = 0 for g ∈ C[z ij , z
±1
kl ]/I 6 it suffices to show that g ∈ I 6 + z ij . This is the case for g = z kl with {k, l} = {i, j}, and for g = f π . Since in addition we have ord δ ij (z ij ) = 1, this finishes the proof.
We will make extensive computational use of the S 6 -action on Cox(M 0,6 ). We first review how this works for automorphisms of Mori Dream Spaces in more generality.
Let X be a Mori Dream Space with Cox ring S/I, where S = C[x 1 , . . . , x s ]. Suppose that G is a group acting on S by monomial maps: g · x i = αx u for some α ∈ C and monomial x u with deg(
The assumption that S acts by monomial maps means that the action of G on S extends to an action of G on S x , which then restricts to an action on the Laurent polynomial ring (S x ) 0 . Write X 0 = Spec(((S/I) x ) 0 ) for the complement in X of the divisors of the x i for 1 ≤ i ≤ s. In the next lemma we show that if the action restricts to a given action of G on X 0 , then the G action on S fixes I. Proof. It suffices to show that g · f ∈ I for all f ∈ I. That shows that gI ⊂ I, and the reverse inclusion then follows from applying g −1 . For
, by hypothesis, and h ′ i ∈ S. Here we use that the action of G on S is via monomial maps to know that g ·x m i is again a scalar multiple of a monomial. Since G acts on S, we have g · f ∈ S, so this shows that g · f ∈ I 0 S x ∩ S. As this equals I by Proposition 3.2, we have the desired result.
Note that the induced map
given by the matrix (5) has the property that φ(z ij ) is a monomial in the variables x ijk times the formula given in (1).
We will apply Lemma 3.4 to the S 6 -action on M 0,6 . Let S = C[x I , y π : Table 1 . Consider the S 6 -action on S defined as follows. We set σ · x ij = x σ(i)σ(j) , with the convention that x ji = −x ij . This can be regarded as induced from the natural action of S 6 on ∧ 2 Z 6 . Similarly, the S 6 -action on the variables x ijk is induced from the natural S 6 -action on Sym 2 (∧ 3 Z 6 ). Here the Sym 2 arises from the fact that x 123 = x 456 . Explicitly, this means that, for example, (12)x 123 = −x 123 , (12)x 456 = −x 456 , and (12)x 145 = x 245 . It is then a straightforward computation to check that φ(σ · z ij ) = σ · φ(z ij ) for all σ ∈ S 6 . Since the action of S 6 on the variables z ij is induced from the action on x ij using (1), it is only necessary for this to check that this action is correct on the variables x ijk .
The action of S 6 on the variables y π is then uniquely determined by the requirement that σ · φ(u π ) = φ(σ · u π ), as φ(u π ) = my π for a monomial m in the variables x I . Explicitly, this action is induced from the natural S 6 -action on ∧ 3 (Sym 2 Z 6 ). For example, (12)y (12)(34)(56) = y (12)(34)(56) since (12)((e 1 + e 2 ) ∧ (e 3 + e 4 ) ∧ (e 5 + e 6 )) = (e 1 + e 2 ) ∧ (e 3 + e 4 ) ∧ (e 5 + e 6 ). Note that a careful choice of signs in Table 2 was required for the action to work in this fashion.
The relations
In this section we apply the method of Proposition 3.2 to compute the relations in Cox(M 0,6 ). By Castravet's theorem (Theorem 2.1) this Cox ring is generated by sections x I of the 25 boundary divisors δ I , and by sections y π of the 15 Keel-Vermeire divisors Q π . The main theorem of this section describes the ideal of relations between these 40 generators. (1) 15 of the form:
x ij x kl x ijn x kln − x ik x jl x ikn x jln + x il x jk x iln x jkn for 1 ≤ i < j < k < l ≤ 6, m < n and {i, j, k, l, m, n} = {1, 2, 3, 4, 5, 6}; (2) 60 of the form:
for {i, j, k, l, m} = {2, 3, 4, 5, 6}; (3) 45 of the form:
imn , for {i, j, k, l, m, n} = {1, 2, 3, 4, 5, 6} and i < j; (4) 45 of the form:
ijn , for {i, j, k, l, m, n} = {1, 2, 3, 4, 5, 6}; (5) 60 of the form:
for {i, j, k, l, m} = {2, 3, 4, 5, 6}. Here we follow the convention that x ij = −x ji , x ijk = −x jik = −x ikj , x ijk = x lmn for {i, j, k, l, m, n} = {1, 2, 3, 4, 5, 6}, with i < j < k and l < m < n, and y (ij)(kl)(mn) = −y (kl)(ij)(mn) = −y (ij)(mn)(kl) .
Proof. By Example 3.1 M 0,6 has an embedding i : M 0,6 ֒→ X Σ into a 24-dimensional toric variety in such a way that the intersection of M 0,6 with the torus
By Lemma 2.5 we have
]. Here I 6 and f π are as defined in Lemma 2.2 and Table 2 .
We denote by xy the product I∈I x I π∈Π y π . Let φ be given by
where R is the matrix defined in (5) and R ij,I (respectively R ij,π ) denotes the entry with row labelled ij and column labelled I (respectively π).
Proposition 3.2 then implies that the ideal I M 0,6 equals
In order to compute the ideal of relations we thus only need to compute φ(I(Y ))S xy ∩ S. We will exhibit the different symmetry types as elements of φ(I(Y ))S xy ∩ S and then argue that the ideal generated by these equations is saturated with respect to the product of the variables, so equals I M 0,6 .
(1): For j, k, l with [6] = {1, 2, 3, j, k, l} we have
Then, 
times a Laurent monomial in the variables x I is in φ R (I(Y )) and therefore it itself is in φ R (I(Y ))S xy ∩ S. This is the case i = 1, j = 2, k = 3, l = 4, m = 5, n = 6 of case 1. The S 6 -orbit of this polynomial has size 15; this can be checked directly by hand, or using the accompanying Macaulay2 package available from the authors' webpages [BGM17] . 
is an element of φ R (I(Y ))S xy ∩ S. This the case i = 3, j = 4, k = 5, l = 6, m = 2 of case 2. The S 6 -orbit has size 60; again this can be checked by hand, or using the accompanying package. . Let F 1 be the polynomial (6), let F 2 be the polynomial (7), and let F 3 be the polynomial of (8). Set g = F 3 ((45) · F 3 ).
We claim that x 2 12 h − g lies in the ideal
This can in principle be checked by hand, but is also confirmed in the accompanying Macaulay2 package. Since F 3 ∈ φ R (I(Y ))S xy ∩S, we also have g ∈ φ R (I(Y ))S xy ∩ S. Thus x 2 12 h is also in φ R (Y )S xy and so h ∈ I M 0,6 . This is the case i = 1, j = 2, k = 3, l = 4, m = 5, n = 6 of case 4. The S 6 -orbit has size 60. (5): Finally, let π 1 = (12)(34)(56) and π 2 = (13)(25)(46). Set Set g = F 3 ((23)(45) · F 3 ) ∈ φ R (I(Y ))S xy . We claim that x 12 x 13 h − g lies in the ideal
Thus x 12 x 13 h ∈ φ R (I(Y ))S xy and therefore h ∈ I M 0,6 . This is the case i = 2, j = 3, k = 4, l = 5, m = 6 of case (5). The S 6 -orbit has size 60. This shows that one representative of each S 6 -orbit from the statement of the theorem lies in (φ(J KV )S xy ) ∩ S. Lemma 3.4 and the explicit action of S 6 given at the end of Section 3 then imply that all 225 polynomials given in the theorem statement are in I M 0,6 = (φ(J KV )S xy )∩S. To show that these polynomials in fact generate I M 0,6 , we first note that the ideal generated by these 225 generators in S xy equals φ(J KV )S xy . This is the case because the polynomial of case 1 is a monomial multiple of the image under φ of a representative of one S 6 -orbit of generators of J KV : z 34 + 1 − z 24 . The polynomial of case 2 is a monomial multiple of the image under φ of the other S 6 -orbit of generators: y π − f π . It thus suffices to check that the ideal generated by the given 225 generators is saturated with respect to the product of the variables. This can be done, for example, using the accompanying Macaulay2 package.
Small birational models
A positive consequence of the fact that M 0,6 is a Mori dream space is that the movable cone of M 0,6 decomposes into finitely many Mori chambers, each of which is the pullback of the nef cone of a birational model of M 0,6 , and each small Q-factorial modification of M 0,6 occurs in this list. These chambers are precisely the GIT chambers of the GIT description
given in Example 3.1.
The main result of this section is Proposition 5.2, which gives a simpler GIT problem whose chambers also describe the chamber decomposition of the movable cone. The new GIT problem is the quotient of a variety in A 25 instead of A 40 , which makes the computations significantly simpler. An updated version of [BKR16] (Remark 6.7) takes this decomposition into account.
Lemma 5.1. Fix π = (ij)(kl)(mn). The hyperplane ∆ π in Pic(M 0,6 ) spanned by {δ ab : {a, b} ∈ {{i, j}, {k, l}, {m, n}} ∪ {δ abc : i, j ∈ {a, b, c} or k, l ∈ {a, b, c} or m, n ∈ {a, b, c}} separates Q π from all other boundary divisors and Q π ′ .
Proof. Consider the element ρ = 6 i=1 e * i + e * ikm + e * ikn + e * ilm + e * iln ∈ Pic(M 0,6 ) * , where the * denotes the dual basis element in the symmetric basis for Pic(M 0,6 ). By examining the matrices A bnd and A KV given in (2) and (3), we obtain ρ(Q π ) = −2, ρ(δ ij ) = ρ(δ kl ) = ρ(δ mn ) = 2, ρ(δ ikm ) = ρ(δ ikn ) = ρ(δ ilm ) = ρ(δ iln ) = 2, and all other ρ(δ I ) = 0. In addition ρ(Q π ′ ) ∈ {2, 3} for all π ′ ∈ Π with π ′ = π. Let H be the hyperplane {x ∈ Pic(M 0,6 ) ⊗ R : ρ(x) = 0}. Then H contains the generators of ∆ π , so it remains to check that span(∆ π ) is fifteen dimensional, which can be done by computing the rank of the corresponding 16 × 18 matrix.
Let J = I M 0,6 ∩ C[x I : I ∈ I]. This is generated by the 15 polynomials of the first symmetry class of Theorem 1.1, and by the S 6 -orbit, which also has size 15, of the polynomial 
where α is any character of H corresponding to an ample divisor on M 0,6 . Let E = pos(δ I : I ∈ I) ⊆ Pic(M 0,6 ) R be the cone generated by the boundary divisors. ). It suffices to show that φ v is surjective for any v ∈ Mov(M 0,6 ), and thus an isomorphism. This shows that the birational models of M 0,6 have the form V (J) / / β H as β varies over the GIT chambers for (10). Since the target of φ v is nonzero for all v ∈ Mov(M 0,6 ), the source must be as well, which shows that v ∈ E, and thus Mov(M 0,6 ) ⊆ E. Fix a monomial m ∈ S of degree lv for some l > 0. We will show that there is a polynomial f ∈ S with no term divisible by any y π with m − f ∈ I M 0,6 . We proceed iteratively. Set f 0 = m, so m − f 0 ∈ I M 0,6 holds trivially. Suppose that at some stage i some monomial of f i is divisible by y π y π ′ with π = π ′ . Let the maximum number of distinct y π dividing any monomial in f i be k i , and choose one such monomialm. We can then subtract an appropriate multiple of one of the generators of I M 0,6 of the form (4) or (5) to replacem. This gives a polynomial f i+1 with m − f i+1 ∈ I M 0,6 . Note that the number of monomials in f i+1 divisible by k i distinct y π has decreased under this operation, so after a finite number of iterations k i must also decrease. As this cannot happen indefinitely, after a finite number of iterations we have a polynomial f k with m − f k ∈ I M 0,6 and no term of f k divisible by more than one distinct y π .
Since v ∈ Mov(M 0,6 ), by Lemma 5.1 the vector v is contained in the half-space on the opposite side of the hyperplane ∆ π from Q π . Thus every term of f k divisible by some y π must also be divisible by some x I with δ I not on ∆ π . We can then subtract an appropriate multiple of one of the the generators of I M 0,6 of the form (2) or (3) to obtain a polynomial f k+1 which has one fewer monomial divisible the maximal occuring power of any y π . After a finite number of iterations we thus obtain a polynomial f with m − f ∈ I M 0,6 and no term of f divisible by any y π . This shows that m is in the image of ψ v . Since the monomials of degree lv as l varies span ⊕ l≥0 (S/I M 0,6 ) lv , this shows that ψ v is surjective as required.
